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Abstract: We compute the cosmological constant in a scale invariant scalar 
(~| . field theory. The gravitational action is also suitably modified to respect scale 

invariance. Due to scale invariance the theory does not admit a cosmologi- 
cal constant term. The scale invariance is broken by a recently introduced 
i-C^i mechanism called cosmological symmetry breaking. This leads to a nonzero 

cosmological constant. We compute the one loop corrections to the cosmolog- 
^ ■ ical constant and show that it is finite. 

in 

(N 
(N 

CN ■ 1. Introduction 

O 

o\ . 

, In a recent series of papers [1-3], we have investigated a scale invariant extension of the 

^ , standard model. The basic idea has been introduced earlier by Cheng and collaborators 

^ , [4-6]. Phenomenological consequences of this model have also been studied in Ref. [7,8]. 

The essential idea can be captured by considering a simple model where we include only 
one real scalar field besides gravity. Hence here we consider only this simple model which 
displays global scale invariance. The action for this model may be written as, 



2^ ^ 4 8 



(1) 



where R is the Ricci scalar. The model has no dimensionful parameter. In order to agree 
with observations scale invariance has to be broken. In Ref. [1] we argued that it is broken 
by a new phenomenon, which we called cosmological symmetry breaking. This is inspired 
by the standard big bang model. Here the universe is described by a time dependent 
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solution of the classical equations of motion. At leading order the solution is just the 
homogeneous and isotropic Friedmann-Robertson- Walker (FRW) model. We argue that 
in order to describe physical phenomenon we need to make a quantum expansion around 
this classical background. 

In Refs. [1,2] we found that, assuming the FRW metric with scale factor a{t), this 
model has a classical solution, 

a{t) = aQ exp{HQt) (2) 

with 




where r] is the classical solution of the scalar field ^ and Hq is the Hubble constant, 
which is independent of time in the present case. Here we have set the spatial curvature 
parameter /c = in the FRW metric. 

A basic problem with imposing scale invariance is that it is believed to be anomalous 
[9,10]. When we compute the quantum loop corrections, we necessarily need to regulate 
the action, which introduces a scale. Hence one concludes that scale invariance is broken. 
We have argued in Refs. [1,2] that this conclusion need not hold in the present case. The 
basic point is that here the classical solution 77 itself provides a scale. Here we expand the 
field $ around this classical solution, 

=7] + (t){x) , (4) 

where (j){x) represent the quantum fluctuations. Under scale transformations rj also scales 
in exactly the same form as In dimensional regularization the regulated action in 
d = 4 — e dimensions may be written as, 

S = J d^xV^i^^g'^'^d^^d,^ - j^'rj-'' - ^^'R^ . (5) 

where 6 = (d — 4)/(d — 2). Here we have essentially used the classical field to introduce 
the scale required in this action. It is clear that even after regularization the action is 
invariant under scale transformations. Hence we do not expect the scale invariance to be 
anomalous. The regularized action, Eq. [5l is slightly different from what we proposed 
earlier in Ref. [2] . A detailed comparison between the two will be presented in a separate 
paper. Here we simply point out that the action given in Eq. [5] is exactly scale invariant 
and well defined as long as 7^ 0. The details about the transformation rule are given in 
Ref. [2]. The transformation is similar to what was also proposed in Ref. [11]. 

An important aspect of a scale invariant theory is that it does not permit a cosmo- 
logical constant term in the action. Hence this may potentially solve the well known 
cosmological constant problem [12-18]. Alternate approaches to solving the cosmological 
constant problem are described in Refs. [12,19-26]. As shown in Refs. [1,2] a cosmological 
constant is generated by the classical solution. Furthermore if the full quantum theory 
is truly scale invariant, as we claim, we expect that the cosmological constant would be 



2 



finite at all orders in perturbation theory. Although this might be anticipated [2] since 
the regulated theory is scale invariant, an explicit demonstration is necessary since the 
regularization procedure [2] is somewhat unusual. In the present paper we demonstrate 
that at one loop the cosmological constant is calculable and finite. As far as we know this 
is the first demonstration that the loop contributions to the cosmological constant may 
be finite in a quantum field theory. 

In pure gravity theory with Minkowski background it has earlier been found that 
the one loop divergent contributions to cosmological constant vanish [27]. However this 
cancellation does not survive at two loops [28]. In the present case, however, we demon- 
strate this cancellation including a matter field with the background metric being the 
standard FRW metric. Furthermore the cancellation is a result of a symmetry, i.e. the 
scale invariance, and hence is expected to extend to all orders. 

In the present paper we shall ignore quantum gravity corrections. These can be shown 
to be higher order in powers of Hence they can be ignored consistently. 



2. Renormalization 

In this section we shall only expand the scalar field. For calculation of the cosmological 
constant we need to expand the metric also. This will be done later. Here we simply 
set the metric equal to the FRW metric with a scale factor a(t). We shall assume that 
the universe is evolving very slowly with time. Hence in the loop integrals, the time 
dependent factors a{t) will be set to their current values. This is essentially an adiabatic 
approximation. The Ricci scalar, 

R = -l2Hl. (6) 

Hence, if we ignore quantum gravity contributions, the term proportional to R simply 
acts like a mass term. Therefore we can obtain all the counterterms by simply repeating 
the standard field theoretic analysis for a spontaneously broken theory. We caution the 
reader that the fundamental mechanism here is very different from spontaneous symmetry 
breaking. 

The Lagrangian in d = 4— e dimension (see Eq. [5j) in terms of bare field and parameters 
may be expressed as, 

where ^' = r]' + (j)' . Let ^ = r] + (phe the renormalized field. This is related to by the 
field renormalization Z, 



= VZ^>. (8) 
We also have r]' = y/Zr] and (j)' = y/Z4>. We define the counterterms as, 

5z = Z-l, (9) 

5a = AoZ2(i-^)-A, (10) 

5p = f3oZ-P, (11) 
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where A and /? are the physical coupling constants. We can rearrange the Lagrangian as, 



C 



A 



^^2 



+ c 



ct ■ 



where the counterterm Lagrangian is given by. 

1 



(12) 



(13) 



We may use the solution of the classical field equation, ry, to rewrite the Lagrangian as, 

(5R, 



+ 



( 5x 4 , 6pR 2 



A. 



(2# + 



(14) 



Here the terms linear in (j) in the leading order Lagrangian, i.e. not including counterterms, 
vanish if /3ii/4 = —\rf'~'^^. Hence = ?,\rf'~'^^ + (3R/A = 2\rf'~'^^ where m,^ denotes 
the mass of (f). We point out that rj has the same dimensions as the field (f) and hence its 
dimension is a little different from the dimension of mass. We keep the terms given in the 
third line of Eq. [T3] as these will be relevant when we expand the metric. 

It is now easy to obtain the Feynman rules for the various vertices and counterterms. 
In Table [T] we have listed the Feynman rules. 



3. One Loop Calculation of Counterterms 

In this section we shall evaluate the counterterms defined in the last section (Eqs. O [TO 
[TT]) up to one loop level. We shall impose the condition, 




<$>= W^Hor?" (15) 



at all orders in perturbation theory. Here the symbol < <1> > means the expectation value 
of the field <I> in the lowest energy state when we expand around a nontrivial classical 
solution. A similar condition may also be imposed in the case of spontaneous symmetry 
breaking [29]. However in the case of spontaneous breaking the meaning of < <1> > is 
the vacuum expectation value of which is different from our case. The total 1-point 
amplitude at one loop level is shown in Fig. [TJ From Table [J we get, 

e/2-l 



XqX r(6/2-l ) / 1 
) (47r)'^/2 



We set our renormalization condition such that the total 1-point amplitude vanishes, i.e.. 
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P i/ {p^ - m^) 



-6iX7] 



1-25 




-25 




1-2(5 




-6i6xr] 



-2<5 



Tabic 1: Fcynman rules for the scalar field. 



or, 



-3A 



r(6/2 - 1) / 1 

(47r)'^/2 [mj 



e/2-l 



6XW 



2 , M 

7 + '-^-^°H^ 



(17) 



{Any 

The last relation fixes 5^ in terms of (5^. 

To set 6\ we consider the 4-point function. At one loop level, the diverging 4-point 
contributions arise only from the O(A^) diagrams shown in Fig[2j 




+ 6^ 



Figure 1: 1-point contribution at one loop level. 
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-6iX\ 



-) 



i[I{s)+I{t) + I{u)]+0{\^), 



(18) 



where 



2r/25 J {2ttY fc2 -ml{k+ vY - ml 



ir{e/2) /I 



2 (4^)^ JO 



dz 



l-z{l- z)p^_ 



m 



e/2 



i 1 



2 (47r)2 
i 1 2 



2 /"^ , , fml-z{l-z)p^ 

7 — / «2 iog — 

e Jo V 



2 (47r)2 e 



(19) 
(20) 



The last hne defines I'{p ). Here 7 is the Eular-Mascheroni constant. Hence, 



iM 



4pt 
Hoop 



54i 



A 



+ (-6iA)2 . i[l'{s) + /'(t) + I'{u)] + 0(a3 



(21) 



,?7'5/ (47r)2 ve. 

The order A^ and A^ contributions come from the diagrams shown in Figs. 3(a) and |3(b)"| 
respectively. However it is easy to check that they are finite. These are higher order in A 
and we shall ignore them. We can get rid of the infinite term by demanding 



9A2 
(47r)2 



Q\\l'{.s,)+l'{to)+l'{u,)l 



(22) 



where we have set our renormalization point at s = so, t = to and u = uq. 

Since the 1-point function vanishes at the one loop level we have only two divergent 
diagrams for the two point amplitude (Fig. H]). We can write. 



iM 



2pt 

lloop(a) 



18i 



iM 



= ,V A A r(6/2-i) / 1 

lloop(b) ""'^25; (4^)d/2 1^2 



e/2-1 



(23) 
(24) 



The counterterm for the 2-point amplitude is given by. 




crosses 



Figure 2: 4-point divergent contribution at one loop level. 
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+ crosses 



(a) (b) 
Figure 3: Order A'^ and A** contributions to the 4-point function. 

From Eqs. [22] and [T7] we see that the last two terms in the r.h.s. of the above equation 
cancel all the singularities. As there is no divergent term proportional to we set 

<5z = (25) 

at one-loop level. 

The divergent 3-point contribution comes from the diagrams shown in Fig [5l It is 
easy to derive, 

where T indicates a finite part. However this infinity does not give rise to any problem 
as the three point counterterm, shown in Table [H cancels it precisely. 

Finally we compute the constant terms in the Lagrangian, i.e. the terms given in the 
third line of Eq. [TH These evaluate to, 




Figure 4: One loop correction to the propagator. 
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+ crosses 



Figure 5: 3-point divergent contribution at one loop level. 




Figure 6: One loop correction to cosmological constant. The external line here represents a gravi- 
ton. 

4. Cosmological Constant at One Loop 

In this section we compute the cosmological constant, A, at one loop. This is defined by 
the term in the action 




In our scale invariant theory such a term is absent from the action, as discussed above. 
However due to cosmological breaking of scale invariance we find a nonzero contribution. 
We expand the metric such that 

9fiu = Qiiv + (29) 

Here we follow the notation of Ref. [30] and denote the full metric as well as other variables 
with a har. The symbol g^y represents the classical metric and h^j,i, the quantum field. In 
our case g^^ is simply the FRW metric. Here we shall expand gravity only to first order 
in /i^jy. We are only interested in the computation of the cosmological constant which is 
identified with the one point function in gravity. This would involve the computation of 
the counter lagrangian proportional to /i = /i" and the one loop graph shown in Fig. El 
At first order in /i, we find [30], ^^'^ = ^^'^ - /i^'', = ^f^{l + h/2) and 

R = R + - h^^p - KK , (30) 

where R^p is the curvature tensor corresponding to the FRW metric. Here ";" denotes 
covariant derivatives. 

We use the conformal time in the FRW metric. Hence the classical metric becomes, 
gfiu = ■ diagonal(l, -1, -1, -1). (31) 
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The Ricci scalar is given in Eq. Eland the tensor, 



R 



(32) 



where Hq is the Hubble constant. 

We first consider the counterterm action, 



ct 



-9 



-9 



8 



4r]' 



35 



7] 



+ ... 



(33) 
(34) 



We identify the terms proportional to h in the counterterm action. We find, dropping 
surface terms. 



ct 



(fx- 



h 



-gh 



4jy2(5 



+ 1 - 7 - log 



2^ 



+ ... 



(35) 



where Cx is defined in Eq. [271 In this equation we have displayed only the divergent 
terms. We next identify the terms proportional to hc/)'^ which would contribute to the one 
loop diagram with an external h line. We find 



A 



4:7] 



25 



2-25 1 



-g^—d^^d,^ 



and 



-9 



8 4 



1 



(36) 
(37) 



-9 



{dpcp')(TZ.yP + Ti^h-^)+... . (38) 



In the fourier space the second term on the right hand side would be proportional to 
kp. Here we are working in the adiabatic limit where the background metric is assumed 
to be very slowly varying. Hence the background metric is taken out of the Feynman 
integral. A Feynman integral proportional to fc/j is zero, by symmetric integration. Hence 
the second term does not contribute. 

We now evaluate the one loop contribution to graviton one point function. The terms 
which do not involve derivatives of (j) give the contribution to the amplitude equal to 

e/2-l 



_5 

-97; 



^ 7f^ 

5 

4V- 



r(e/2 - 1) / 1 



-9 



(4^)«!/2 



771 J 



+ 1 - 7 - log 



A 

2^ 



The KE term for the scalar field gives 

-d/2 



1 



-9 



n-d/2) _ 

4(47r)^/2 [ml 



1 , 

-2^ 



X7f_ 

47r?7^ 



2 3 
7 + 2 



log ( — 



(39) 



(40) 
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These two precisely cancel the divergent contributions coming from the counterterm ac- 
tion. Hence we find that the cosmological constant is one loop finite. The one loop 
correction to the cosmological constant is found to be 



5. Conclusions 

The cosmological constant remains one of the most serious issues in physics. In quantum 
field theory it acquires infinite contributions which have to be cancelled at each order in 
perturbation theory by adding suitable counter terms. In this case quantum field theory is 
unable to predict its value. We have earlier hypothesized that scale invariance might con- 
trol this parameter. In this case we are not permitted to include a cosmological constant 
term in the action. If scale invariance is unbroken then this parameter would be zero at 
all orders. We argued in earlier papers that scale invariance is broken due to cosmological 
symmetry breaking [1-3]. This phenomenon generates a nonzero cosmological constant. 

We have computed the cosmological constant in a scale invariant scalar field theory. 
Due to scale invariance we expect it to be finite at all orders. We have explicitly demon- 
strated this to one loop order in a simple model. We expect this to also hold in a scale 
invariant standard model [4-6]. A particularly interesting extension of this model is to 
impose local scale invariance [4-6,31-38]. This has the interesting prediction that the 
standard model Higgs particle disappears from the particle spectrum. We expect our 
mechanism to work in these scale invariant theories also. 
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